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f  you  sa id  you were  an  eng i -
neer or a computer
programmer most people

would assume you knew a lot of
maths. But when you say you're
a pr imary leacher.  few people
automatically consider you to
be a maths whiz. Even among
themselves, teachers rarely
acknowledge or discuss the
mathematical knowledge that
they use. Such silence seems
strange. Think of the mathe-
matlcal tasl<s that teachers
regularly engage in when teach-
ing: selecting good examples,
analysing pupils' errors, asking
mathematical questions,
answering questions, following
different approaches for solving
problems, evaiuating textbooks
and so on. All these actMties
require mathematical knowledge.

Perhaps the reason we ur,der-
estimate teachers' mathemati-
cal expertise is because littie is
known about it. The knowledge
teachers use differs from the
kind of maths taught in second-
ary school or in university
maths courses. It even differs
from the maths that primary
pupils iearn. Instead, teachers
use mathematical knowledge
that is specialised to the work of
teaching.

Recent studies show that
primary teachlng is mathemati-
cally demandingwork, and that
teachers possess mathematical
knowledge not held by
enginee-rs, or even by profes-
sional mathematicians (eg Ball
and Bass, 2003). Ball and her
colleagues in the United States
developed multiple-choice
measures of "mathematical

knowledge for teaching" to
study mathematics used by
teachers. I adapted some of the
measures, which are set in
teaching contexts (see Figures r
and z)1, and used them to
survey over 5oo Irish teachers.2
The purpose of the survey was
nol to study the l<nowledge held
by any individual teacher, but
the mat  hemat ica l  knowledge
held by l r ish teachers in  generaJ,

Variation in teachers' knowledge
Many teachers answered most
o I  l he  ques t i ons  co r rec l l y .  i nd  i -
catlng that many Irish teachers
possess high levels of mathe-
matical knowledge for teaching.
But teachers' scores varied
widely. For example, the high-
est scoring teachers responded
correctly to about three tjmes
as many items as the lowest
scoring teachers did. In other
words, levels of mathematical
knowledge vary substantially
among teachers. Such variation
is understandable for many
reasons:
o For severalyears priorto the

late 19Bos, researchers inter-
nationally paid little atten-
tion to the topic of teachers'
subject matter knowledge.3

o Because litile was known
about the mathematlcal
l<nowledge needed for teach-
ing, teacher educators at
preservice and inservice
levels had no research base to
inform the design and deliv-
ery of mathematics courses
for teachers.

o lreland's teachers are
recruited from several
sources - long-established

colleges of education, an
online provider of teacher
educat ion.  several  co l leges in
the United lCngdom and
elsewhere - all of which have
different policies about and
proced u res [or developi ng
teachers' mathematical
content knowledge.

o It is difficult forteachers to
have expert knowledge in al1
subject areas and the survey
only considered l<nowledge of
mathematics.

As well as the variation in
mathematical knowledge
among teachers, I identified
particular areas of strength and
difficulty for teachers.

Strengths in lrish teachers'
knowledge
lde n t ify i ng a nd classtfg i ng pu pils'
misfa/<es
Teachers generally did well at
identifying and classifying
pupils' mistakes. Teachers use
th is  l<nowledge when correc l ing
pupils' work - finding out who
is making similar mistakes so
that they can respond appropri-
ately. Figure r (right) shows an
item from the survey that drew
on this type of knowledge.

M a r c h i n g fra c t i o n c al c ul a I i on s
with representations
A second area of strength for
Irish teachers was matching
fraction calculations with
pictorial representations such
as area models (eg.  a rectangle
pa r t i t i oned  i n to  qua r re rs ) .  se t
models (eg, one quarter of
twelve pencils), Iine segments
(eg, a line segment partitioned
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in quarters) and number lines
(eg, the numbers o,rl4,rl2,Zl4
and r marked on a line).

Algebra
Algebra questions posed few
difficulties. Most teachers
responded correctly to tasks
such as evaiuating the accuracy
of various perimeter formulae
expressed in terms of w (width)
and I  ( length) .  and determin ing
how the area of a rectangle is
affected when its width ls
doubled and its iength halved.

h,-

MrsJacl<son is planning mini-
lessons for students around

particular difficulties that they
are having with subtracting

from large whole numbers. To
target her instruction more

effectively, she wants to worl<
with groups of students who
are mal<ing the same l<ind of
errorf so she lool<s at some

recent work to see what they
tend to do. She sees the follow-

ing three student mistal<es:
t t l i l l

4  1 2  4  1 5  6 9 8 1 t

/o/ tfool ///l
- 6  - 6  - 7

406 34009 6988

Which have the same l<ind of
error? (Marl< ONE answer.)

a )  l a n d  I l
b )  l a n d  l l l
c )  l l a n d  l l l
d )  l ,  l l ,  and  l l l

Figure 1: US item adapted to rtudy
I rish teachers' mathematical

knowledge forteaching
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Areas of difficulty for lrish
teachers

Attending to explanations and
ev al uating unde r s t  an din g
Some topics were more difficrrlt
One difficulty for Irish teachers
was following pupils' explana-
t  ions  and check i  ng  i  f  r  he i  r
explanations demonstrated
understanding of an idea.
F i g u  r c  z  ( r i g h  t )  s h o u  s  a  t y p i c a l
i r e m  t h a r  l a p s  i n t o  t h i s  t y p e  u f
mathematical knowledge. It
s t a t e s  t h a l  a n 1  w h e r e  a  p l u s  s i g n
- three squares wide and three
squares tall - is shaded on a
Ioo-square, the sum of numbers
on the row equals the sum of
numbers on the column. Four
pupils' explanations for r,r,hy
t h i s  i s  t n r P  A r e  n r e s e n r e d  a L t d
teachers are asked which expla-
nations show sufficient under-
s t a n d i n g  o f  w h y  t h e  p a t  t e r r r  i s
t r u e  f o r  a l l  s i m i l a r  p l u s  s i g n s .

I  c t  s  c n n s i d c r  t h e  e v n l a n a -
t lons One at a t lme -you mlgnt
want to try responding to the
item before continuing:
a) The first explanation states

t h n t  i n  r n v  n i r r < - < i d n  < l r e n e

nn  l hc  r no -sn r re  r e  r  hg  gyg1 . -

a o e  n f  t h e  t h r e e  v e r t i c a l

numbers is the same as the
average of  the rhree hor izon-\ 4 ' ! ^ * b '

t a l  n u m b e r s .  I I  t h e  a v e r a g e s
n f  l w o  e n r r a l - s i - p  s c t s  o I
n r r  m h e r s  a r e  e o r r a l .  I  h e n  r l
follows that the sums of both
sets of numbers are equal.
T h i c  r c c n n n c c  c h m r i c

ev idence  o f  unde rs tand ing
whv  the  na l t e rn  i s  t r r r e .

b) The second response simply
makes a statement about the
specific pl us sign shaded on
the  Ioo -squa re .  No th  i  ng  sa id
explains why this might be
t r r r e  i n  o r h e r  n a r t s  o f  t h e
T n n - e n l r r r F  r n d  t h e

statement does not move
much beyond the original
pupil 's claim.

c) The thlrd explanatlon uses
^ 6 ^ + L ^ -  - , . 1 - + i ^ ^ - L i  ^
a t t u L t t c l  1 E 1 d L I (  r r I J t t t l ,

between lhe row and the
c o l u r n n  t o  e x p l a i n  w h y  t h e
pattern is true, The pupil
notes that the three
numbers on both row and
column add up to three
times the number in the
m i d d l e .  T h i s  o b s e r v a t  i o n ,
w h i c h  i s  o r . n p r e l i s e d  r o  " n o

m a L t e r  w h c r r ' t h e  p l u s  s i g n
is". shor,r's understanding of

Ms Wall<er's class was worl<ing on
finding patterns on the 100
square. A student, Lorraine,
noticed an interesting pattern.
She said that i fyou draw a plus
sign l i l<e the one shown below,
the  sum o f  the  numbers  in  the
ver t i ca l  l ine  o f  the  p lus  s ign
equa ls  the  sum o f  the  numbers
in  the  hor izon ta l  l ine  o f  the  p lus
sign ( ie, 22 + 32 + 42 = gL + 32 +

tg). Which of the fol lowing
student exola nations shows
suff icient understanding of why
th is  i s  t rue  fo r  a l l  s im i la r  p lus

signs? (Marl<YES, NO or I 'M NOT
SURE for each one.)

7  2  3  4  5  6 7  B  9 1 0

11 12 13 14 15 15 77 I8 79 20

2722 23  24  25  26  27  28  29  30
31 32  33  34  3s  36  37  38  39  40
4742 43 44 45 46 47 48 49 50

Figure 2: US item adapted to study
I r ish teachers' mathematica I
l<nowledge for teachi ng

whole unit is. The word prob-
lem below mentions both
numbers and includes the word
"gave" which implies subtrac-
tion; but the problem is not
solved by calculating tl 2 - rl 3.

Mary had 1/2 a box of sweets
and she gave U3 of the sweets
to her brother. What f  ract ion
of a box of sweets did Mary

have left?

The problem is that for r l2,Ihe
whole refers to the box of
sweets and for r/3, the 'whole' is
the half box of sweets. That
word problem would be solved
by calculating tlz - (tlZ of a tl z)
or r l2-r16. A suitable word
problem for r/z - t/3 is one
where the whole unit is kept
constant, such as:

Mary had al l2 crate of apples
and she gave U3 of a crate of
apples to her brother. What
fraction of a crate of a pples

does Mary now have?

Mathematical knowledge and
classroom instruction

The tasks listed above are ones
w h i c h  l r i s h  r e a c h e r s  g e n e r a l l y
found easy or difficult on the
survey of mathematical knowl-
edge for teaching. But you
might wonder lf performance
on mul t ip le -cho ice  i tems is
related to how teachers teach.
The phrase "mathematical
quality of instruction" (Hill et
al. ,  in press) refers to classroom
practices such as how teachers
represent mathematlcal ideas
and connect representations to
each other; how they describe,
explain and justify mathemati-
cal ideas and encourage their
pupils to do the same; how
accurately teachers use
language and how e i .p l i c i t  they
are in talking about mathemati-
cal sl<111s. In short, it refers to
"several dimensions that char-
acterise the rigor and richness
of the mathematics of the
lesson" (p 4).

Ten Irish teachers who
completed the survey were
videotaped teaching four maths
lessons each and the

57 52 53 54 55 56 57 58 59

6t 62 63 64 65 66 67 68 69 70

71 72 73 74 75 76 77 78 79 B0

81 82 83 84 85 86 87 BB 89 90

97 92 93 94 95 96 97 98 99 100

u h v t h e  n e t l e r n  a l w e r 5

holds: lf the three numbers
a d d  r r n  l o  l h r e c  t  i m e s  t h e
middle number and the
middle number is the same
for the row and the column,
the sums of the row and the
columnwil l  be equal.

d) The fourth statement is true
but it refers only to the
numbers in the column. not
to the numbers in the rorv. In
order to shon' understand-
lng, an explanation must
identify a relationship that
exlsts between the column
and the row.

Irish teachers found the roo-
q ' r r r a r +  i t o m  d i f i i c r r l r  n c n - , ' i o l l r r

parts (b) and (d) where they
frequenlly considered incom-
plete explanations to show
adequate understanding of the
mathematical idea,

I de ntlfu ing and ap p Ig in g
properties of ntrmbers and
operatrons
Teachers often share rules with
students that are only partly
true rvhen examined mathe-
matically: "You can't tal<e a
larger number from a smaller
n r r m h e r "  i c  r r n e  a w r m n l , r

Another example is that pupils

sometimes believe that adding
trvo numbers always results in a
bigger number, This 'rule'is

clearly true for natural - or
a n r r n t i n d  -  n r r m h c r c  l i o' -  . ^ -  1 . 2 .  3 , 4 ,
5,,,) because the smallest
counting number is r and if r is
added to itself the sum, 2, is a
h i o o e r  n r r m h p r  R r r r  i f  r h c  r u l e  i s

applied to whole numbers (ie,
o,  r ,  2 ,  3,  4,  5, , , ) ,  i t 's  not  t rue
because. o + 5 = 5,whlch is not
h i o g e r  r h n n  e  l f  r h e  r r r l e  i 5

J i  
r r  L a a L  r  u a L

enn l i e r l  f n  i n t eoe rc  / i p- r  r  " .  -  ' . '  . . . - 3 .  - 2 .

-r, o, r,2, 3...) it remains untrue
bccause - : -  ( -+)= -7 and -7 is
less than both -3 and -4,
Therefore, the rule is limited,
But many teachers believed
such'rules'to be always true,
possibly because they consid-
ered them only in relation to
c o i l n l i n g  r r r r m h e r s - t h e  I i r s l  s e t

of numbers pupils meet in
primary school.

Matching word problems with
fraction calculations
Teachers often help pupils
understand operations with
fractions, such as tlz - t lZ,by
putting them in real-world
contexts, The tricky part of
a r a A l i n d  I h e c e  e n n l p r t s  i s  h e i n o

consistent about rvhat the

Yes No t 'm
not
SUre

I he average of th€
three vert ical
numbers  equa ls
the average of the
three horizontal
numbers . L 2 3

b) Both pieces of
the  p lus  s ign  add
up to 96. 1 2 3

c) No matter where
the plus sign is,
both pieces of
the  p lus  s ign  add
up to three t imes
the  midd le
number . 1 2 3
The vert ical
numbers are to
less and 10 more
than the  midd le
number. 1 2 3
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mathematical quality of
instruction exhibited in the
lessons was rated. In general,
teachers with higher scores on
the multiple-choice items
exhibited instruction of a
h igher  mathemat  i ca l  qua l i  f y .
No doubt, factors other than a
teacher's knowledge affect
instruction, but teacher knowl-
edge certainly helps. In the
United States teacher knowl-
edge has been linked to
students making greater gains
on standardised test scores
(Ball, Hill, & Bass, zoo5) but
that relationship has not yet
been studied in lreland.

Learning more about teachers'
specialised l<nowledge

l w a n l  t o  l i n i s h  u p  b y  t h a n l < i n g
the teachers all around the
country who participated in the
study described here. Several
teachers sa id I  hey were I a lcing
part because they hoped the
findings might help their pupils.
The study shows that teachers
possess and use J<nowledge t ha t
is different to knowledge held by
those in other jobs (Bal1 et al.,
zoo5) and that this professional
knowledge mal<es a difference
in instruction. Much more
remains to be learned, ln

Ireland and elsewhere, about
teachers' specialised knowledge
of mathematics. So, I have to
ask: have you ever thought
about the amount of mathemat-
ical knowledge you use when
teaching and about how that
knowledge is specific to the
work teachers do?

Perhaps examples of mathe-
matical knowledge used when
teaching could be shared
through the medium of onllne
[ o r u m s  o r  r h r o u g h  t h e  p a g e s  o f
InTouch. By recognlsing and
sharing examples of this l<nowl-
edge, p rofessional development
opportunities in maths could
be made more relevant for
teachers. As well as that, learn-
ing more about teachers' math-
emat ica l  l<Lrowledge cou ld  he lp
teacher educators equip future
teachers with the mathematical
knowledge they need to help
pupils practise skills such as
a p p l y i n g  a n d  p r o b l e m  s o l v t n g .
com m u  n ica t  i  ng  a  nd  express i  ng .
and reasoning, as mentioned in
the curriculum.

Most of us have been told that
c o n c r e l e  m a  t e r  i a l s  h e l p  p u p i l s
l e a r n  m a L h s ,  B u l  a  m o r e  i m p o r -
tant resource could be the
teacher's own knowledge.
Learning more about mathe-

matical knowledge specific to
teaching can help to strengthen
the professional knowledge
base of teaching.
Next month: Read about exam-
ples of teachers using mathe-
matical knowledge when
teaching

The studv was supporled
financially by the

Department of Education and
Science, Col6iste Mhuire at
Marino Institute of Education
and the University of Michigan.
The author, Sean Delaney, is a
senior lecturer in Cotiiste
Mhuire, Marino Institute of
Education
(sean.delaney@mie. ie)
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Notes
I. More items (not adapted for

Ireland) available from
http ://sitemaker.umich. edu/lmt/
files/LMT_sample_items.pdf

z. Between June and December
2oo6, 5or teachers responded to
84 items on the survey form;
surueys were completed in the
presence of a researcher. Z5% of
teachers who were asl<ed to
particrpate did so. Every teacher
in  a  random.  represen la l i ve
sample of B7 primary schools,
chosen from all primary schools
(excluding speclal schools
because many of them include
students of primary and post-
primary school age) was invited
to participate.

3. One turning point that is
frequently identified was a paper
by Shulman (1986) where he
described teacher l tnowledge as
the "missing paradigm" in
educatronal research.
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HOST COUNTIES FOR 2OO9
GAAIINTO MINI SEVENS

Region
7
2
3
4
5
6
7

HurlingCamogie Football
Lou th  A  rmagh

A n t r i m  F e r m a n a g h
Mayo Roscommon

Waterford Tipperary
Carlow Wicldow
Meath Longford
Dublin Dublin

KEY DATES FOR 2OO9 SERIES

z4April All counties wlll have completed their
own competitions.
1 May Forms to be completed by county winners
and copies sent to the secretary of the host
county and the National Coordinator.
22 May All regional festivals to be completed.
12 June The children who have been selected to
play in Crol<e Parl< and their teachers will be noti-
fied bv the National Co-ordinator.

PARTICIPAilNG COU NTIES I N REGIONg
Regionl

Arme oh

Down
Cavan

Monaghan
Louth

Region 2
Tyrone
Derry

Donegal
Fermanagh

Antrim

Region 3
Roscommon

Galway
Mayo
Sligo

Leitrim
Clare

Region 4
Trpperary

Cork
I(erry

Limerick
Waterford

Region 5

Wexford
Wicldow

Laors
lClkenny
Carlow

Region 6 Region 7

Longford Dublin
Westmeath

ICldare
Offaly
Meath

To l<eep up to date with the 2009 Mini sevens series and to see photographs from past series of matches in
Crol<e Parl< log onto www.scoilsport.org
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